The BFKL approach for the investigation of semihard processes is plagued by large next-to-leading corrections, both in the kernel of the universal BFKL Green's function and in the process-dependent impact factors, as well as by large uncertainties in the renormalization scale setting. All that calls for some optimization procedure of the perturbative series. In this respect, one of the most common methods is the BrodskyLepage-Mackenzie (BLM) one, that eliminates the renormalization scale ambiguity by absorbing the non-conformal β 0 -terms into the running coupling. In this paper, we apply BLM scale setting procedure directly to the amplitudes (cross sections) of several semihard processes. We show that, due to the presence of β 0 -terms in the next-to-leading expressions for the impact factors, the optimal renormalization scale is not universal, but depends both on the energy and on the type of process in question.
Introduction
We discuss the application of the BFKL method [1] to the description of semihard processes, i.e. hard processes in the kinematic region where the energy variable s is substantially larger than the hard scale Q 2 , s Q 2 Λ 2 QCD , with Q the typical transverse momentum and Λ QCD the QCD scale. This approach allows to resum systematically to all orders of perturbation series the terms enhanced by leading α n s ln n (s/Q 2 ) (LLA) and first subleading α n+1 s ln n (s/Q 2 ) (NLA) logarithms of the energy.
In the BFKL approach, relevant physical observables are expressed as a convolution of two impact factors with the Green's function of the BFKL equation. The Green's function is determined through the BFKL equation and is process-independent. The next-to-leading order (NLO) kernel of the BFKL equation for singlet color representation in the t-channel and forward scattering, relevant for the determination of the NLA total cross section, has been achieved in Refs. [2] , after the long program of calculation of the NLO corrections [3] (for a review, see Ref. [4] ). The other essential ingredient are impact factors, which are not universal and must be calculated process by process. Indeed, only a few of them are known with NLO accuracy.
Both the impact factors and the BFKL kernel receive large NLO corrections in the MS renormalization scheme. The practical application of this approach to physical processes encounters therefore serious difficulties, due not only to the large NLO corrections, but also to big renormalization scale setting uncertainties, thus calling for some optimization procedure of the QCD perturbative series.
In this paper we focus on the widely-used Brodsky-Lepage-Mackenzie (BLM) approach [5] to face with this problem, which relies on the removal of the renormalization scale ambiguity by absorbing the non-conformal β 0 -terms into the running coupling. It is known that after BLM scale setting, the QCD perturbative convergence can be greatly improved due to the elimination of renormalon terms in the perturbative QCD series. Moreover, with the BLM scale setting, the BFKL Pomeron intercept has a weak dependence on the virtuality of the Reggeized gluon [6, 7] .
We apply the BLM scale setting procedure directly to the amplitudes (cross sections) of several semihard processes. It is shown that due to the presence of β 0 -terms in the NLO expressions for the impact factors, the resulting optimal renormalization scale is not universal and depends both on the energy and on the type of process in question. We illustrate this general conclusion considering in details the following semihard processes:
• the forward amplitude of production of two light vector mesons in collision of two virtual photons, γ * γ * → V 1 V 2 ;
• the high-energy behavior of the total cross section for highly virtual photons, γ * γ * → X;
• the inclusive production of two forward, high-p T jets separated by a large interval in rapidity ∆y (Mueller-Navelet jets), p + p → jet + jet + X.
The kernel of the operatorK becomes K( q 2 , q 1 ) = q 2 |K| q 1 (6) and the equation for the Green's function readŝ
its solution beingĜ
The kernel is given as an expansion in the strong coupling,
and N c is the number of colors. In Eq. (9)K 0 is the BFKL kernel in the LO, whileK 1 represents the NLO correction.
To determine the cross section with NLA accuracy we need an approximate solution of Eq. (8) . With the required accuracy this solution iŝ
The basis of eigenfunctions of the LO kernel,
is given by the following set of functions:
here φ is the azimuthal angle of the vector q counted from some fixed direction in the transverse space, cos φ ≡ q x /| q |. Then, the orthonormality and completeness conditions take the form
The action of the full NLO BFKL kernel on these functions may be expressed as follows:
where µ R is the renormalization scale of the QCD coupling; the first term represents the action of LO kernel, while the second and the third ones stand for the diagonal and the non-diagonal parts of the NLO kernel and we have used
where n f is the number of active quark flavors.
The function χ (1) (n, ν), calculated in [13] (see also [14] ), is conveniently represented in the form
+ ln x ψ(n + 1)
Here and below χ (n, ν) = dχ(n, ν)/dν and χ (n,
The projection of the impact factors onto the eigenfunctions of the LO BFKL kernel, i.e. the transfer to the (ν, n)-representation, is done as follows:
The impact factors can be represented as an expansion in α s ,
and
To obtain our representation of the forward amplitude, we need the matrix element of the BFKL Green's function. According to (11), we have
Inserting twice the unity operator, written according to the completeness condition (15), into (5), we get
and, after some algebra and integration by parts, finally
This is our master representation of the NLA BFKL forward amplitude. In the next section we will implement on it the BLM scale setting.
BLM scale setting
The cross section of a process is related, via the optical theorem, to the imaginary part of the forward scattering amplitude,
Here we want to discuss the BLM scale setting for the separate contributions to the cross section, specified in (26) by different values of n and denoted in the following by C n . Note that the n = 0 case is relevant, e.g., for the total cross sections of γ * γ * interactions, MuellerNavelet jet production and the forward differential cross section of the γ * γ * → V 1 V 2 process. Azimuthal angle correlations of produced jets in the Mueller-Navelet process are instead associated with non-zero values of n.
The starting point of our considerations is the expression for C n in the MS scheme (see Eq. (26)),
In the r.h.s. of this expression we have terms ∼ α s originated from the NLO corrections to the impact factors, and terms ∼ α 2 s ln(s/s 0 ) coming from NLO corrections to the BFKL kernel. In the latter case, the terms proportional to the QCD β-function are explicitly shown. For our further consideration of the BLM scale setting, similar contributions have to be separated also from the NLO impact factors.
In fact, the contribution to an NLO impact factor that is proportional to β 0 is universally expressed through the LO impact factor,
where the dots stand for the other terms, not proportional to β 0 . This statement becomes evident if one considers the part of the strong coupling renormalization proportional to n f and related with the contributions of light quark flavors. Such contribution to the NLO impact factor originates only from diagrams with the light quark loop insertion in the Reggeized gluon propagator. The results for such contributions can be found, for instance, in Eq. (5.1) of [15] . Tracing there the terms ∼ n f and performing the QCD charge renormalization, one can indeed confirm (29) .
Transforming (29) to the ν-representation according to (21) , we obtaiñ
andc
It is convenient to introduce the function f (ν), defined through
that depends on the given process, where Q 1,2 denote here the hard scales which enter the impact factors c 1,2 1 . The specific form of the function f (ν) depends on the particular process. According to the properties of the corresponding LO impact factors (γ * → V , γ * → γ * and Mueller-Navelet jet vertex), one can easily check that
for the processes γ * γ * → X and Mueller-Navelet jet production, whereas for the process γ * γ * → V 1 V 2 (forward electroproduction of two light vector mesons) this function is not equal to zero,
Now, we present again our result for the generic observable C n , showing explicitly all contributions proportional to the QCD β-function, i.e. also those originating from the impact factors:
1,2 ≡ c
1,2 . We note that the dependence of (35) on the scale µ R is subleading: performing in (35) the replacement
1 Here we consider processes whose impact factors are characterized by only one hard scale. This is the virtuality of the photon, Q, for the γ * → γ * and γ * → V impact factors, and the jet transverse momentum, | k|, for the impact factor describing the Mueller-Navelet jet production.
one indeed obtains the same expression as before with the new scale µ R at the place of the old one µ R , plus some additional contributions which are beyond the NLA accuracy.
As the next step, we perform a finite renormalization from the MS to the physical MOM scheme, that means:
2.3439 and ξ is a gauge parameter, fixed at zero in the following.
Inserting (37) into (35) and expanding the result, we obtain, within NLA accuracy,
The optimal scale µ BLM R is the value of µ R that makes the expression proportional to β 0 vanish. We thus have
In the r.h.s. of (40) we have two groups of contributions. The first one originates from the β 0 -dependent part of NLO impact factor (29) and also from the expansion of the common α 40) gives us the value of BLM scale. Note that this solution depends on the energy (on the ratio s/s 0 ). Such scale setting procedure is a direct application of the original BLM approach to semihard processes. Finally, our expression for the observable reads
where we put at the exponent the terms ∼ᾱ MOM s ln s/s 0 , which is allowed within the NLA accuracy.
Unfortunately, Eq. (40) can be solved only numerically, thus making the scale setting a bit unpractical. For this reason, we will work out also some analytic approximate approaches to the BLM scale setting, which have the merit of a straightforward and simple application. We consider the BLM scale as a function of ν and chose it in order to make vanish either the first or the second (∼ᾱ MOM s ln s/s 0 ) group of terms in the Eq. (40). We thus have two cases:
The other possible option for the BLM scale setting could be related with the requirement that the entire expression in the integrand of (40) vanishes, which leads to the following condition
One should mention, however, that such approach to the BLM scale setting has a limited applicability, since the denominator in the r.h.s. of (46) vanishes at some value of ν =ν, given by
which prevents us from defining µ BLM R,c (ν) in the entire ν range. Nevertheless, one can try to use such method in those cases when the product of the two LO impact factors c 1 (n, ν)c 2 (n, ν) is a function decreasing so rapidly to guarantee the convergence of the ν-integration in (41) in the ν-region where there is no problem with the solution of Eq. (46).
Note also that all three approaches to BLM scale fixing discussed above, and given in Eqs. (42), (44) and (46), could be applicable only to processes characterized by a real-valued function f (ν). For some processes this is not the case. In particular, the inclusive production of two identified hadrons separated by large interval of rapidity in proton-proton collisions, p + p → h 1 + h 2 + X, is described by a complex-valued function, f * (ν) = f (−ν). This can be easily seen calculating f (ν) from Eq. (77) of [16] for the identified hadron production impact factor. In such cases one can use only the BLM scale fixing method which relies on the numerical solution of Eq. (40).
Applications
In this section we apply the BLM approach to a selection of semihard processes. For the energy variables we will use notations
In our numerics we use the following settings: n f = 5 and α s (M Z ) = 0.11707 for the number of active flavors and the value of the strong coupling.
Electroproduction of two vector mesons
We start with the description of the forward amplitude for the production of a pair of light vector mesons in the collision of two virtual photons, γ * γ * → V 1 V 2 . Such processes could be studied in experiments at future high-energy e + e − colliders, see [17, 18, 19] for estimates of the cross section in the Born approximation. The BFKL resummation for these processes was considered in [20] , where the inclusion of NLO effects was limited to the corrections to the BFKL kernel. In the papers [12] , some of us performed a complete NLA BFKL analysis for the forward amplitude of these processes, including the NLO corrections also to the γ * → V impact factors [21] . Very large NLA corrections to the forward amplitude were found, therefore in [12] the Principle of Minimal Sensitivity (PMS) [22] approach was used to optimize the perturbative series.
Here we present numerical results for the forward amplitude obtained with the BLM optimization method described above.
We consider the case of equal values of photons virtualities, Q 1 = Q 2 = Q, and, following the first of Refs. [12] , present our numerical predictions for the forward amplitude multiplied by some kinematic factors, Im s (A) Q 2 /(sD 1 D 2 ), calculated at Q = 50 GeV, where the expressions for D 1,2 are given in Eq. (14) of the first of Refs. [12] .
For the considered process only the n = 0 term contributes and the f (ν) function is given in (34). We will try all approaches to the BLM scale setting described in previous section. In particular, for this process the product of two LO impact factors c 1 (n, ν)c 2 (n, ν) vanishes very fast for |ν| > 1, therefore in the relevant integration ν-range, |ν| < 1, we can find the solution of Eq. (46) and determine the BLM scale µ BLM R,c as a function of ν and energy.
In Fig. 1(left) we show the values of the BLM to kinematic scale ratios, µ Fig. 1(left) for the particular value of ν = 0.
Approximate approaches to the scale setting give energy-independent BLM scales (see cases (a) and (b) in Fig. 1(left) ), whereas an exact implementation of the BLM rule leads in general to the scales which depend on the energy of the process (see cases (c) and "exact" in Fig. 1(left) ). In fact, the approaches (a) and (b) can be considered as a low-and a highenergy approximation to the case (c), where the BLM scale setting prescription is implemented precisely.
Nevertheless, as we already mentioned above, the condition (46) could not be resolved for all processes. Therefore we defined also a method which could be universally applied and which we call here "exact". It gives a ν-independent BLM scale and it is based on the requirement of vanishing of the integral in Eq. (40), contrary to the approach (c), where we try to make vanish the integrand of the same equation for each separate value of ν.
In Fig. 1(right) we show our predictions as functions of the energy for the forward amplitude calculated with all the four different methods described above: cases (a) and (b) were calculated using Eqs. (43) and (45), cases (c) and "exact" using Eq. (41) with the corresponding choices of the scales. The result of the BFKL resummation depends not only on the renormalization scale µ R , which is fixed here with the BLM method, but also on the energy scale s 0 or Y 0 . In Fig. 1(right) we present the results obtained with the choice of this scale dictated by the kinematic of the process, s 0 = Q 2 or Y 0 = 0. A more reliable estimation could result from fixing the value of Y 0 according to some optimization method, such as PMS, but this goes beyond the scope of present paper.
As we can see in Fig. 1(right) , our predictions obtained with precise implementations of BLM method lie inbetween those derived with the use of the two approximate realizations. Note that the difference between the two explicit methods, cases (c) and "exact", is sizeable and increases with the energy. This is related to the fact that these two approaches are not equivalent, and the scales in the case (c) are larger than those in the "exact" one. Note also that, with the growth of energy, the value of ν =ν where the solution of Eq. (46) has a singularity decreases, see Eq. (47), and approaches the ν-range important for the determination of our observable.
γ
* γ * total cross section
In [23] some of us studied the γ * γ * total cross section in the NLA BFKL approach considering two different optimization methods of the perturbative series. One of them was the BLM method, cases (a) and (b), described above, where the Eqs. (43) and (45) were transformed back to MS scheme. In that paper we fixed the photon virtualities and, correspondingly, the number of active flavors n f in order to make a comparison with LEP2 experimental data. Here, we are interested in the general features of the BLM scale setting procedure, therefore we prefer to fix the photon virtualities as in the two-meson production: GeV with n f = 5.
In Fig. 2 , as in the case of the vector mesons, we show the four different ratios µ
The four cases (a), (b), (c) and "exact" are defined exactly as in the previous subsection. As we mentioned before, cases (a) and (b) are independent on the energy of the process, but depend on the kind of process through the f (ν) function. In particular, for the production of a pair of light vector mesons the function is given by Eq. (34), while for this process it is f (ν) = 0 (see Eq. (33)).
For this process we only discuss here the BLM scale setting and do not present its cross section. The γ * γ * cross section was already considered in [23] , where serious problems were found, related with the very large values of NLO corrections [24] for the virtual photon impact factor. For details and an extended discussion of this issue, we refer the reader to [23] .
Mueller-Navelet jets
The last semihard process that we consider is the production of two forward high-p T jets produced with a large separation in rapidity ∆y (Mueller-Navelet jets [25] ). Such process was studied at Large Hadron Collider (LHC): the CMS collaboration provided with data for azimuthal decorrelations [26] that can be expressed, from a theoretical point of view, by ratios C m /C n , where C n are to be averaged over k J i (jet transverse momentum) and y J i (rapidity jet). Then, in order to match the kinematic cuts used by the CMS collaboration, we have
with y 1,min = y 2,min = −4.7, y 1,max = y 2,max = 4.7 2 and k J 1 ,min = k J 2 ,min = 35 GeV. The comparison between experimental results for jets with cone radius R = 0.5 produced at a center-of-mass energy of √ s = 7 TeV and theoretical calculations was done in [28] , where the exact NLO impact factors calculated in [29] were used, and in [27] , where the NLO impact factors were taken in the small-cone approximation as calculated in [30] 3 .
In this section we use the same kinematic settings as in [27] and present the BLM scale setting for the Mueller-Navelet jet production. In particular, we consider the ratios µ BLM R / k J 1 k J 2 as functions of Y − Y 0 for n=0, 1, 2 and 3 and recall that, for this process, the function f (ν) = 0 is zero. The results are shown in Fig. 3 were the three lines, violet, green and blue, denote the cases (a), (b) and "exact", respectively. For this process it is not possible to consider the case (c) because the product of LO impact factors c 1 (n, ν)c 2 (n, ν) is a function that does not decreases so fast, so that the ν-interval needed for the integration includes the value ν, defined by Eq. (47), where the method is not applicable.
Due to the integration over the jet variables k J 1,2 and y J 1,2 , the derivation of the "exact" curve here is a little bit different from that of the other two processes. In this case, in order to get the ratios µ
and we look for m R such that Eq. (40) is satisfied.
On the contrary, since cases (a) and (b) are independent of the energy of the process for n = 0, the two curves, "BLM a " and "BLM b " are equivalent to those in Fig. 2 , since also in the present case f (ν) = 0. Moreover, note that, for n = 1, χ(n = 1, ν = 0) = 0 and therefore in Fig. 3 the curve "BLM b " overlaps exactly the curve "BLM a ".
In Fig. 4 we present some ratios C m /C n versus Y , where we make use of the scales shown in Fig. 3 . In all cases shown in Fig. 4 the factorization scale µ F entering the MSTW2008nlo [32] parton distribution functions was chosen equal to the renormalization scale µ R and the BFKL energy scale Y 0 was fixed at zero. One could look for optimal choices of the scale Y 0 , based on the PMS method, for instance, but this goes beyond the scope of the present paper. The results shown in [27] are a little bit different from those shown here, because there we transferred back all formulas to the MS scheme. Moreover note that now we have an extracurve (BLM exact ) in which µ R was obtained solving Eq. (40).
Summary
In this paper we have focused on the BLM method to set the renormalization scale in a generic semihard process, as described in the NLA BFKL approach in the (ν, n)-representation. We found that the BLM scale setting procedure is well defined in the context of semihard processes described by the BFKL approach within NLA accuracy. The straightforward application of the BLM procedure leads to a condition to be fulfilled, Eq. (40), which defines the optimal renormalization scale depending on the specific process and on its energy. Our main observation here is that, due to the presence of β 0 -terms in the next-to-leading expressions for the process dependent impact factors, the optimal renormalization scale is not universal, but turns out to depend both on the energy and on the type of process in question.
Note that the above-mentioned ∼ β 0 -contributions to NLA impact factors are universally expressed in terms of the LO impact factors of the considered process, see our Eqs. (29) and (30) . Thus, they could be easily calculated for all processes, even in the case when the full expressions for the NLO corrections to the impact factors are not known. Such contributions must be taken into account in the implementation of BLM method to the description of cross sections of semihard processes, because all contributions to the cross section that are ∼ β 0 must vanish at the BLM scale.
Such an "exact" implementation of the BLM method could be difficult since it calls for the solution of an integral equation, Eq. (40), for each value of the energy of the process. This equation can be solved, in general, only in numerical way. Therefore, we considered several approximated approaches to the BLM scale setting. One of them, the closest to the "exact" one and labeled (c), consists in imposing the vanishing of the integrand appearing in the above-mentioned general condition and leads to an optimal BLM scale depending also on the ν-variable. This approximated method has a validity domain in the ν-space and can be applied only if the relevant range of the ν-integration giving a physical observable falls inside this validity domain. Other approximated approaches, labeled (a) and (b), can be viewed as a sort of low-and high-energy approximation of the case (c) and of the "exact" determination.
We have compared these different approaches in the study of the total cross section and of other physical observables related with the forward amplitude in processes such as the electroproduction of two light vector mesons, the total cross section of two virtual photons and the production of Mueller-Navelet jets 4 .
We could observe that, in general, the BLM scale setting in the cases (a) and (b) provides with a range inside which lie the "exact" the case (c) determinations. This is not the case for the Mueller-Navelet jet production where, as discussed in the text, due to some peculiarities in the definition of the observables imposed by the experimental cuts, the natural ordering between the optimal scales in the cases (a), (b) and "exact" is sometimes lost. It turns out, however, that azimuthal correlations and ratios between them in the Mueller-Navelet case are less sensitive to the different approaches to BLM scale setting than in the other two processes considered in this work.
Note that previous applications of the BLM method to the description of γ * γ * total cross sections [7, 33] relied on the use of LO expressions for the photon impact factors.
In [28] the BLM method was applied to Mueller-Navelet jet production: although the full NLO expression for the jet impact factor was used, the above-discussed effect of β 0 -contributions to NLO jet impact factors on the choice of the BLM scale was overlooked. Therefore in [28] the value of the BLM scale which was obtained is similar to the one used in [7, 33] and, as such, coincides with our approximate case (b). Our results presented in Fig. 4 allow to assess the inaccuracy in BLM predictions for different Mueller-Navelet jet observables related with approximated approaches to the BLM scale setting. 
